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Bozhidar Z. Iliev and Sawa S. Manoff: Deviation equations in spaces with torsion1
Abstract. The most general form of the deviation equations in
spaces with linear connection with arbitrary torsion is derived.
1. The deviation equations of two trajectories (paths) in a Riemannian space Vn find
applications in number of problems in the gravity theory [1]. The method of their deriva-
tion can be generalized to spaces Ln with affine (linear) connection ∇, which is, of course,
applicable to spaces with torsion Un.
2. For any vector ξ ∈ Tx(Ln) in the space Tx(Ln) tangent to Ln at x ∈ Ln, the following
identity holds:
D2ξ
ds
= Rˆ(u, ξ) + C11 (F ⊗Dξ) +
DTˆ (u, ξ))
ds
− T (F, ξ) + LξV −
DLξu
ds
− C21 (Du⊗ Lξu). (1)
Here: Dds := u
i∇Ei u
i := dx
i(s)
ds , ∇Ei is the covariant derivative along Ei with {Ei} being a
frame in a neighborhood of x, u = uiEi, Du := (∇Eiu)⊗Θ
i with {Θi} being a frame dual to
{Ei} (Θ
i(Ej) = δ
i
j), s is a parameter of a path γ(s) ∈ Ln, s ∈ R, Rˆ is the curvature operator
with Rˆ(u, ξ)v :=
(
∇u∇ξ − ∇ξ∇u − ∇[u,ξ]
)
v = Rijklv
jukξlEi, F :=
Du
ds = u
i∇Eiu, Tˆ is the
torsion operator with Tˆ (u, ξ) := ∇uξ − ∇ξu − [u, ξ] = T
i
jku
jξkEi, Lξ is the Lie derivative
along ξ, and [u, ξ] := uξ − ξu. The identity (1) in component form reads
D¯2ξk
ds
= Rkijlu
iujξl + ξk|jF
j + uj
D¯(T kjlξ
l)
ds
+ LξF
k − T (F, ξ) +
D¯(Lξu)
k
ds
− uk|iLξu
i, (2)
where Dvds := u
i∇¯Ei , ∇Eiv =: (∇¯Eiv
j)Ej and v
i
|j := ∇)Ejv
i is the covariant derivative of the
components vi along Ei.
3. If we impose some additional restrictions, which in certain cases may be first integrals
of the deviation equation, on the quantities entering into (1) (e.g. F = 0, Lξu = 0, LξF =
−F ), then we get corresponding deviation equations in space with torsion Un, in which the
vector ξ is considered as an infinitesimal one.
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